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PROPERTY T FOR GENERAL LOCALLY COMPACT 
QUANTUM GROUPS 


XIAO CHEN AND CHI-KEUNG NG 


Abstract. In this short article, we obtained some equivalent formulations 
of property T for a general locally compact quantum group in terms of the 
full quantum group C*-algebras Cq(<G) and the ^-representation of Cq(G) 
associated with the trivial unitary corepresentation (that generalize the cor¬ 
responding results for locally compact groups). Moreover, if G is of Kac 
type, we show that G has property T if and only if every finite dimensional 
irreducible ^-representation of CJ (G) is an isolated point in the spectrum of 
Cq (G) (this also generalizes the corresponding locally compact group result). 
In addition, we give a way to construct property T discrete quantum groups 
using bicrossed products. 


1. Introduction 

The notion of property T for locally compact groups was first introduced by 
Kazhdan in the 1960s (see M): and this property was proved to be a very useful 
notion. A locally compact group G is said to have property T if every unitary 
representation of G having almost invariant unit vectors actually has a non-zero 
invariant vector (see [H §1.1]). There are several equivalent formulations for prop¬ 
erty T (see m as well as Sections 1.1 and 1.2 of my- 

(PI) The full group C'*-algebra C*{G) can be decomposed as kerTTi^ © C, where 
TTip is the =i=-representation induced by the trivial one dimensional represen¬ 
tation Ig- 

(P2) There exists a minimal projection p G M{G*{G)) such that Tri^{p) = 1. 

(P3) 1g is an isolated point in the topological space G of irreducible unitary 
representations of G. 

(P4) All finite dimensional elements in G are isolated points in G. 

(P5) There exists a finite dimensional element in G which is an isolated point in 
G. 

In [S], P. Fima extended the notion of property T to discrete quantum groups 
and he showed in [51 Propositions 7 and 8] that discrete quantum groups with 
property T are of Kac type and finitely generated (in some sense). Recently, 
D. Kyed and M. Soltan studied property T for discrete quantum groups in m, 
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using the techniques in the theory of matrix quantum groups, and they obtained 
the equivalences of property T with the corresponding statements of (PI), (P2) 
and (P3) in the discrete quantum groups case. They also proved that in the 
case when the discrete quantum group is unimodular (or equivalently, of Kac 
type), property T is also equivalent to the corresponding statements of (P4) and 
(P5). Furthermore, M. Daws, P. Fima, A. Skalski and S. White extended in 
[5] the definition of property T to general locally compact quantum groups and 
showed that a locally compact quantum group has both the Haagerup property 
and property T if and only if it is compact. 

Following the works of Fima, Kyed-Soltan as well as Daws-Fima-Skalski-White, 
among others, the present article devotes to the study of property T for locally 
compact quantum groups. We will extend the equivalences of property T with 
(PI), (P2) and (P3) to locally compact quantum groups, and will verify that they 
are equivalent to the corresponding statements of (P4) and (P5) in the case of 
locally compact quantum groups of Kac type (which include all locally compact 
groups). In fact, by employing C'*-algebras technique instead of matrix quantum 
groups technique (which do not work in this full generality), our proofs for these 
more general results are actually simpler than the ones in m- 

In Section 2, we will recall a basic fact on the spectra of C'*-algebras and will 
recall some notations and known facts on locally compact quantum groups. 

In Section 3, we will give a very short proof for the equivalences of property T 
with the corresponding statements of (PI), (P2) and (P3) using the materials in 
Section 2. On the other hand, in order to show the equivalence of property T with 
the corresponding statements of (P4) and (P5), we need to consider contragredient 
unitary corepresentation of a unitay corepresentation. We will use the technique 
in HU, concerning contragredient corepresentation of Kac algebras, to generalize 
[31 Proposition A. 1.12] to the quantum case. We then use it to get the desired 
equivalence. 

At the end of Section 3, we also present a new way to construct property T 
discrete quantum groups. Up to now, apart from the one given in [51 Example 
3.1], the only known examples of property T discrete quantum groups are finite 
quantum groups and property T discrete groups, as well as their direct products. 
We will show how to construct property T discrete quantum groups of Kac type 
using bicrossed products. 

2. Notations and preliminary 

In this article, we use the convention that the inner product (•, •) of a complex 
Hilbert space is conjugate-linear in the first variable. We denote by L{S)) and 
!JC(.^) the set of bounded linear operators and that of compact operators on j^, 
respectively. For any x,y,z S Sj and T € -C(.^), we denote by uJx,y the normal 
functional given by 

^x,y{T) ■■= {x,Ty). 

We set 6i(io) to be the unit sphere of Sj. 
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For a C'*-algebra A, we use Rep(A) to denote the collection of unitary equiva¬ 
lence classes of non-degenerate ^-representations of A. We consider A C Rep (A) 
to be the subset consisting of irreducible representations, equipped with the Fell 
topology (see IZ])- The topological space A is known as the spectrum of A. Fur¬ 
thermore, all tensor products of C'*-algebras in the article, if not specified, are the 
minimal tensor products. 

Let us also recall some well-known facts concerning Rep(A) and A. Suppose 
that (u, .ft) G Rep(A). We write u C /r if there is an isometry 

V 

such that 

u(a) = V*p{a)V (a G A). 

Moreover, we write u ^ /x if ker /i C keru. 

The following lemma is well-known. For the equivalence of Statements (1) and 
(2), one may use [71 Theorems 1.2 and 1.6]. For the equivalence of Statements 
(1) and (3), one may use the fact that the topology on A coincides with the one 
induced by the hull-kernel topology on Prim(Al). On the other hand, part (b) is a 
direct consequence of [71 Lemma 1.11]. 

Lemma 2.1. Let A be a C*-algebra and G A. 

(a) The following statements are equivalent. 

(1) p, is an isolated point in A. 

(2) //TT G Rep(Al) satisfying fi < tt, one has /x C tt. 

(3) A = ker^©n,,g^\{^}keru. 

(b) //dimij < oo, then {^} is a closed subset of A. 

Next, we recall some materials on locally compact quantum groups. In the 
following, ( 00 ( 6 ), A, If, Ip) is a reduced C*-algebraic locally compact quantum group 
as introduced in [11] Definition 4.1] (for simplicity, we will denote it by G). The 
dual locally compact quantum group of G (as defined in El Definition 8.1]) is 
denoted by (C'o(G), A, ^, ^). We use L^(G) to denote the Hilbert space given by 
the GNS construction of the left invariant Haar weight (p and consider both C'o(G) 
and C'o(G) as C'*-subalgebras of £(L^(G)). There is a unitary 

Wg G M(C'o(G) ® C'o(G)) C L{L\G) G L^(G)), 

called the fundamental multiplicative unitary that implements the comultiplica¬ 
tion: 

A(x) = W^il G x)Wg {x G Co(G)). 

The von Neumann subalgebra L°°(G) generated by C'o(G) in £(L^(G)) is a Hopf 
von Neumann algebra under a comultiplication A defined by Wg as in the above 
(see [H] or [T71 Section 8.3.4]). 
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Definition 2.2. For any Hilbert space Sj, a unitary U G M(3G(io) 0 ( 70 ( 6 )) is 
called a unitary corepresentation o/ G on if 

(id® A)((7) = 612613 , ( 2 . 1 ) 

where Uij is the usual “leg notation” (see e.g. m)- 

The universal version of G is denoted by ((7o(G), A'^) (see [ini Section 4 and 
5]). As shown in [TUI Proposition 5.2], there exists a unitary 

e M(Co"(G) ® Co(G)) 

that implements a bijection between unitary corepresentations 6 of G on lo and 
non-degenerate ^-representations nu of 60 (G) on Sj through the correspondence 

6 = (ttc/ ® id)(V)7). 

The identity 1 g of M(Co(G)) is a unitary corepresentation of G on C and tti^ is 
a character of 60 (G). 

If W is another unitary corepresentation of G on a Hilbert space A, we denote 
by 6 @VP the unitary corepresentation 613 IT 23 on and call it the tensor 

product of 6 and W. In this case, 

G T^w) ° ■ ( 2 . 2 ) 

Definition 2.3. Let 6 G M{X{Sj) ® 60 (G)) be a unitary corepresentation. 

(a) ( G Sj is called a 6 -invariant vector if for every 77 G 6 ^(G), one has 

6(^ ® 77) = ^ ® 77. 

(b) A net in the unit sphere ©i(i5) is called an almost 6-invariant unit 

vector if for each 77 G 6^(G), one has 

||6(5i ® 77 ) -fi ® 77 II -)> 0. 

The following proposition can be found in |U1 Theorem 5.1] and |S1 Proposition 
2.7]. 

Proposition 2.4. Let U be a unitary corepresentation 6 of G on S^. 

(a) An element ( G is U-invariant if and only if for all x G 60 (G), one has 

Tru{x)f, = 

(b) A net in ©i(i5) is an almost 6 -invariant unit vector if and only if for 

all X G 60(G), one has 

Ikc/(a7)^i -7rig(a:)^ill 0 . 

As in the literature, we write U dW and U when ttu C ttiv and ttu -< ttw, 
respectively (see, e.g., [3l Section 5] or |5l Definition 2.3]). From Proposition 12.41 
we can get directly the following corollary. 
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Corollary 2.5. Let U be a unitary corepresentation ofG. 

(a) U has a non-zero invariant vector if and only if Ig C U. 

(b) U has almost invariant vectors if and only if Ig -< U. 


3. Property T for locally compact quantum groups 

Definition 3.1. A locally compact quantum group G is said to have property 
T if every unitary corepresentation having an almost invariant unit vector has a 
non-zero invariant vector. 

Let us first generalize the equivalences of property T with the corresponding 
statements of (PI), (P2) and (P3) to the general case of locally compact quantum 
groups. Note that our proof here is even simpler than the case of locally compact 
groups (by using the materials in Section 2). 

Proposition 3.2. The following statements are equivalent. 

(Tl) G has property T 

(T2) TTig is an isolated point in Cg (G). 

(T3) C^{G) = kerTTi^ ©C. 

(T4) There is a projection pc G M{Cq{G)) with 

PgCq{G)pg = CpG and 7rig(pG) = 1- 
Proof: (n) (T2) This follows from Corollary 12.51 and Lemma r2.1f aL 

(T2) => (r3). This follows from Lemma ETT aL 
(T3) {TA). One may take PG = (0,1) G ker tti^ © C. 

(T4) => {T2). Let x be an element in Cg (G) such that 7rig(a;) = 1. From 

PG = PGXPG, 

we know that pc actually belongs to Cg (G). As pgCq (G)pg is a hereditary C*- 

subalgebra of Cg (G), its spectrum can be identified as an open subset of Cg (G). In 
fact, this open subset is {^ 1 ^}, by [HI Lemma 1]. On the other hand, by Lemma 

l2.11 bL {TTig} is also a closed subset of Cg (G). □ 


Example 3.3. Let G be a locally compact group. 

(a) Suppose that Gi and G 2 are closed subgroup of G such that the canonical map 
(p : Gi X G 2 ^ G is a bijective homeomorphism into an open dense subset Ll of 
G (and hence G \ LI has measure zero). We consider a and j3 to be canonical 
continuous actions of Gi and G 2 on Gi\G and G/G 2 , respectively. Then Gi 
and G 2 is a matched pair of locally compact groups in the sense of im Definition 
3.6.7]. By considering the trivial cocycles, one obtained from (THl Theorem 3.4.13] 
the locally compact quantum group G. In fact, the fundamental unitary of G 
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is the unitary V as given in [5] and one has (70(6) = Cq(G/G 2 ) xi/3,r G 2 and 

Co(G) = Co(Gi\G) 

Now, suppose that VL = G, both Gi and G 2 are amenable with Gi being non¬ 
compact. By [M Theorem 6], V is amenable, or equivalently, G is coamenable. If 
G has property T, then Proposition 6.2] implies that G is compact and hence 
Go(G) is unital. This gives the contradiction that Gi = G/G 2 is compact. 

(b) Suppose that G is the dual group of the locally compact quantum group G 
corresponding to G. Since Gq (G) = Gq{G) and 1g corresponding to the evaluation 
at the identity e of G, we know from Proposition IS.£I that G has property T if and 
only if G is discrete. This part can also be deduced from [S] Proposition 6.2]. 

We recall that G is said to be of Kac type if L°“(G) is a Kac algebra (see e.g. 
[SI)- In this case, the antipode is bounded. We want to extend the equivalences of 
property T with the corresponding statements of (P4) and (P5) in the Kac type 
case. Before that we need to generalize [U Proposition A. 1.12] to this case. Let 
us set some more notations. 

From now on, G is of Kac type, U and V are unitary corepresentations of G 
on Sj and ^ respectively. 

One may regard U £ £(io)®L°°(G) and V £ £(A)OL°°(G). As in [TS], we 
define the contragredient V of K by 

V := (rig) k)(V), 

where r is the canonical anti-isomorphism from £(A) to £(M) (with A being the 
conjugate Hilbert space of A) and k is the bounded antipode on L°“(G). Then 
H is a unitary corepresentation of G on il (see, e.g., [T| Corollary A. 6 (d)] or [TOl 
Remark 2.2]). 

There is a canonical bijective isometry 0 from 0 A to the Hilbert space 
TCS(.^,Sj) of Hilbert-Schmidt operators given by 

Q(x0y)(z) := x{y,z), 
for any x £ Sj and y £ h. We set 

(G;H)ms := (0 ® id)(G©H)( 0 * 0 id), 
which is a unitary corepresentation of G on 1 H§(.^, Jo). 


Lemma 3.4. T £ 3-C§(A,i5) is (G; V)j{g-invariant if and only if 

U{T®l)V* = T®1. 

Proof: There are sequences {^fc}fceN and {??/c}feeN in io and respectively, with 


0 



= T. 
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By [m Lemma 3.8(a)], for any ^ G Sj, rj £ R and a,l3 G L^(G), one has 




® ?7fe ® l3),V23®k ® ?? ® a)) 


= (e®/3,C/(T®l)y*(77®a)), 

because Q{^k ® Vk)Sri = uJr}k,ri{S)^k {S G ^(.S)) and 

® ry (8) /3, 0*(r) 0 a) = (^ 0 ,5, (T (8 1)(?7 0 a)). 


Thus, we have 

(t/@y)(0*(r)0a) =0*(T)0a 
if and only if ?7(T0 \)V* = T 0 1. 


□ 


Proposition 3.5. Let U and V be as in the above. Then 1g C U®V if and only 
if there is a finite dimensional unitary corepresentation W such that W G U and 
W CV. 

Proof: =^). By Corollary 12.51 and Lemma [3.41 there is T G 1K§(.^,iy) \ {0} such 
that C/(T0l)l/* = r0l. The proof now proceeds as that of [H Proposition 
A.1.12]. 

More precisely, since TT* G 3C(j5)+, there exists A G a{TT*) \ {0} with the 
corresponding eigenspace £a being finite dimensional. It follows from U(TT* 0 
l)U* = TT* 0 1 that 

TT*ttu = ttuTT* 

and £a is tt [/-invariant. Moreover, from the equalities 

||r*eil^ = (e,Tr*e) = Alien" (eG£A), 

we know that A5T*|£^ : £a —>■ T*(£a) is a bijective isometry. Furthermore, as 

t/(r* 0 i) = (T* 01)17 

and £a is ^[/-invariant, we know that T*{E\) is /ry-invariant and 

TTC/kx = 7 ’'u|t*(8x) 

under A5r*|£^. Consequently, W = (7r[/|£^ 0 id)(Vg) is the finite dimensional 
corepresentation that is demanded. 

4=). Let £ be a finite dimensional Hilbert space and W G M(X(£,) 0 (70(6)). 
By Lemma [3^ the identity operator 1 G 1K§(£,£) is (IT; IT)j[s-invariant. Thus, 
Corollary 12.51 gives 

1g C IT©IT C U®V 

as required. □ 

The proof of the following theorem now follows from similar lines of argument 
as that of [4] Theorem 1.2.5]. For completeness, we present the argument here. 
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Theorem 3.6. Let G be a locally compact quantum group of Kac type. Then 
property T of G is also equivalent to the following statements. 

(T5) Every finite dimensional irreducible representation of Cq{G) is an isolated 
point in Cq{G). 

(T6) Cg (G) = B ® M„(C) for a C* -algebra B and an n gN. 

Proof: {T2) => {T5). Let G Cg (G) and tt G Rep(C'o (G)) such that p is finite 
dimensional and p ^ n. If we set 

U := (tt (g) id)(VG) and V := {pG id)(hG). 
then V U. Therefore, by (12.21) and Proposition ld.Sl one has 

1g C V®V -< U®V. 

Hence, 1g C U®V by Lemma l^dT al and Proposition 13.21 This gives a unitary 
corepresentation W with W CU and W CV (again, by Proposition [3^ and the 
irreducibility implies V = W G U (or equivalently, p G tt). Now, Lemma mra) 
gives the required conclusion. 

(T5) => (Ttf). This follows from Lemma I^TT al. 

(T6) => (T2). Let p be the irreducible ^-representation of Cg (G) corresponding 
to the summand Mn{G) and denote 

U-.= {p®\A){Vff). 

As p is finite dimensional, one has 

(/r (g) /i) o A“ = /rg © • • • © 

for some /rg, ...,/i„ G C'g(G). By Proposition 13.51 we may assume that pq = tti^. 

Moreover, Lemma HHb) tells us that all such {pk} are closed subset of Co(G). 

Suppose on the contrary that { 711 ^} is not open in Cg (G). Then there is a net 

{cTiliga in Cg (G)\{/io, ...,Pn} that converges to tti^. Thus, tti^ ^ ©, which 

implies 

p © ^(© ® p)o A". 

By Lemma ICT al. one has p G 0igg(© ® p) o A'*, and hence, 

p G (©0 ©/r) o A", 

for some io G 3 (as p is irreducible). If we put 

Vb := (©0 ®id)(Pj^), 
then by Proposition 13.51 we know that 

1g C U®U G Vo®U®U = 0, Vo®{pk G id)(PG")- 

k—0 

Now, Proposition 13.51 and the irreducibility of pk {k = 0, ...,n) again tells us that 
there is fco G {0, ....,n} with 


{pko ©id)(Pj^) C Vo. 
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However, this will produce the contradiction that aig = ^ko- 


□ 


The following corollary is a direct consequence of Proposition 13.21 and Theorem 


Corollary 3.7. Let El be another loeally compact quantum group such that there 
is a surjective * -homomorphism : (70(6 ) —>■ (7q (H). Suppose that G has property 
T. If either tti^ = ttij, o ^ or G is of Kac type, then H has property T. 


Let us end this paper with a “non-trivial” construction of discrete quantum 
groups with property T. Suppose that Gi is a property T discrete group acting 
non-trivially on a finite group G 2 by group automorphisms and take G to be the 
semi-direct product G 2 x (7i. For example, if [Gi,Gi] ^ Gi, then there exist a 
non-trivial action of the finite abelian group Gi/[Gi,Gi\ on some finite group C? 2 . 
If /3 is the action of G 2 on Gi as in Example LS-Sl aL then /3 is trivial. Thus, the 
resulting locally compact quantum group G in Example I3.3l a'l is of Kac type (see 
[TOl Corollary 3.6.17]). 

Furthermore, the following theorem tells us that G has property T. Observe 
that an essential part of the proof of this theorem is to verify that Gq(G) is a 
quotient (7*-algebra of the full crossed product C(G 2 ) Xa Gi. This could be a 
known fact, but since we do not find it in the literature, we give an argument here 
for the sake of completeness. 

Theorem 3.8. If G, Gi and G 2 are as in the above, then the discrete quantum 
group G as in Examvle \3.S\f a) has property T. 

Proof: Let a and /3 be the actions as in Example 13.3l aL We denote by A, Ai 
and A 2 the coproducts on (7o(G), Co{Gi) and C*{G 2 ) respectively. By abuse of 
notations, we use 

a : Go{G 2 ) ^ Cb{Gi x G 2 ) and /3 : Co(Gi) ^ G 6 (Gi x G 2 ) 

to denote the maps induced by the actions a and (3 as in [T9j p.275], respectively. 
In particular, 

oiiy){g,s) = y{ag{s)) (y G Go(G 2 );g G Gi;s G G 2 ). (3.1) 

The triviality of j3 implies that I3{cj)) = ^01 (^ G Go(Gi)). Suppose that G 
M(Go(Gi) 0 G;(Gi)) and g M(G;(G 2 ) 0 Go(G 2 )) are the fundamental 

unitary corresponding to Gi and the dual of G 2 , respectively. As in m Definition 
3.4.2], the fundamental unitary of G is given by 

WG = Wi^ 3 ^(l 0 (id 0 a)(IF( 2 ))) xG 2 xGi x G 2 )). 

Consider to be the trivial reprensetation of G 2 and pe '■ C'o(Gi) C to 
be the evaluation at the identity e of Gi. Since G 2 is finite and fj is trivial, the 
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C*-algebra Co(G) coincides with C'o(Gi) ® C*{G2)- For any 2; G Go(G), we have 

{r]e (g) id ® 77e (g) id)A(2;) 

= {rie g) id (g) ? 7 e (g> id) (tFQ(l g z)Wg) 

= (id g {rje g id)a)(tF^^^)*(l g [ije g id)(z)) (id g {r]e g id)a) 

= A2((?7e g id)(z)), ( 3 . 2 ) 

as well as 

(id g TTi^^ g id g id)A(z) = (id g g id g id)(Wg(l g z)Wg) 

= (TF(^)gl)*(lgz)(tF(i)gl), 


which implies that 

(idgTTie^ g id g 7ricJA(z) = Ai ((id g 7ricJ(z)) . ( 3 . 3 ) 

On the other hand, for any g G Gi and r G G2, we put Sg, Xg, Sr and to be 
the corresponding elements in Go(Gi), G*(Gi), Go(G2) and G*(G2), respectively. 
Note that IF^^^ = ^9 ® ^9 IF^^^ = X]teG2 ® Hence, 

(tF^g^ (1 g 1 g (5g g A,.)tF( 3 ^ = ^ 4 g 1 g Sk-lg g A^ . 

/cGGi 

Moreover, Relation en) implies that a( 4 ) = SfisGi ® ^ah{r)^ and so 

(idga)(tF(^^) = ^ Xt-i ® 5h-i ® Sa^i^t)- 

/i^Gi t^G'2 


Consequently, 

A( 4 gAr) 


E E 4 g Ajs-l g ShSk-lgSf g 4^_i(t)Ar4^_i(s) 

s,t^G2 f ,k^Gi 

^ ^ ^ ^ ^ts-^ ^k~^g ^ 

s,t^G2 k^G\ 

'y ' y 4 g Aq,^_j^(j.) g 4-ig ® 4g_ij,(t) Ar 

t^G2 

y ( S^ — l g Xf^^^^r) G ^hg g Xr • (3.4) 

h^G\ 


Now, supoose that U G M{'X{^) g Go(G)) is a unitary corepresentation of 
Go(G). Then 


U = ^ ^ ® Sg 'Si Xr 

reG2 sGGi 
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for some Ug^r G £(^5) (here we use X^gsGi ® ^9 denote the map g Ug^r)- 
Relations (EH) and EH produce 


E E Uk,sUi^t 0 dfe ® As 0 (5; ® At 

fc,/GGi S,tGG 2 

= ^ ^ ^ ^ ^ ® ^ ^hg ^ 

g,h^Gi r^G2 

— ^ ^ ^ ^ Ukl^t ^ ^ ^ ^ ^t- 

t^G2 


This tells us that 



if s = ai{t) 
otherwise. 


(3.5) 


Now, we set := (id ® id 0 tti^^ )([/) and C/(^) := (id 0 ? 7 e ® id)(C/). By Re¬ 
lations EH and EH, we know that and C/(^) are unitary corepresentations 
of Co{Gi) and C*{G 2 ), respectively. They induces, respectively, a unitary repre¬ 
sentation fj,u ■ Gi ^ Al(io) and a *-representation 4'c/ : G{G 2 ) —>• £(.5). Clearly, 
for any h G Gi and t G Gg, one has 


fj-uih) = ^ Uh,r and = Ue,t- 

r^G2 

It is now easy to verify, using Relation (13.51) . that 


'^u{Sah(t))f^u{h) = Uh,t = g'u{h)'i'u{St) 

and (ikj/,/if/) is covariant for the action a and hence induces a *-representation 
X : G{G2) xia Gi -G 

On the other hand, as L°°(<G) = t!°“(Gi) xi,g G 2 = t'°°(Gi)OL(G 2 ) (see [HI 
Definition 3.4.2] or El Proposition 1.1]), its predual L^(G) is generated by {Ag(8>ds : 
g G Gi;s G G 2 }, where Ag G l'^(Gi) and Sg G A(G 2 ) are the images of g and s, 
respectively. Thus, 

7rt/(Ag 0Sg) = Ug^g = gu{9)^u{5g) = (T^/ x gu){\gSg), 

where Sg and Ag are the images of Sg and Ag, respectively, in the full crossed 
product G(G 2 ) Xa Gi. 

The above shows that Gq (G) is a quotient G*-algebra of G(G 2 ) xIq Gi. Since 
G(G 2 ) has strong property T (see Example 5.1 and Lemma 4.2 of [H]), we know, 
through Theorem 4.6 and Lemma 4.1 of that the unital G*-algebra Gq (G) has 
strong property T, and hence has property T. Now, [13 Theorem 5.2] concludes 
that G has property T. □ 
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